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Abstract
Bertrand’s postulate establishes that for all positive integers n > 1 there exists a
prime number between n and 2n. We consider a generalization of this theorem as:
for integers n ≥ k ≥ 2 is there a prime number between kn and (k + 1)n? We use
elementary methods of binomial coefficients and the Chebyshev functions to establish
the cases for 2 ≤ k ≤ 8. We then move to an analytic number theory approach to
show that there is a prime number in the interval (kn, (k + 1)n) for at least n ≥ k
and 2 ≤ k ≤ 519.
We then consider Legendre’s conjecture on the existence of a prime number be-
tween n2 and (n+1)2 for all integers n ≥ 1. To this end, we show that there is always
a prime number between n2 and (n + 1)2.000001 for all n ≥ 1. Furthermore, we note
that there exists a prime number in the interval [n2, (n + 1)2+ε] for any ε > 0 and n
sufficiently large.
We also consider the question of how many prime numbers there are between n
and kn for positive integers k and n for each of our results and in the general case.
Furthermore, we show that the number of prime numbers in the interval (n, kn) is
increasing and that there are at least k − 1 prime numbers in (n, kn) for n ≥ k ≥ 2.
Finally, we compare our results to the prime number theorem and obtain explicit
lower bounds for the number of prime numbers in each of our results.
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Chapter 1
Introduction
Bertrand’s postulate is stated as: For n > 1 there is a prime number between n and
2n. This, relatively simply stated, conjecture was stated by Joseph Bertrand in 1845
and was ultimately solved by Pafnuty Chebyshev in 1850, see [3]. Later, in 1919, it
was shown by Srinivasa Ramanujan in [13] using properties of the gamma function.
Finally, Paul Erdo˝s [6, 8] in 1932 showed the theorem using elementary properties,
and approximations of binomial coefficients and the Chebyshev functions:
ϑ(x) =
∑
p≤x
log p,
ψ(x) =
∑
pk≤x
k∈N
log p.
In 2006, Mohamed El Bachraoui [1] showed that for n > 1 there is a prime number
between 2n and 3n. This similar result to Bertrand’s postulate provided a smaller
interval for a prime number to exist. As an example, Bertrand’s postulate guarantees
1
p ∈ (10, 20) whereas Bachraoui guarantees p ∈ (10, 15). Moreover, Bachraoui also
questioned if there was a prime number between kn and (k + 1)n for all n ≥ k ≥ 2.
Finally, in 2011 Andy Loo [11] shortened these intervals to p ∈ (3n, 4n) for n > 1.
A. Loo went on to prove that as n approaches infinity the number of prime numbers
between 3n and 4n also tends to infinity - a result which is implied by the prime
number theorem.
A common feature exists in each of these elementary proofs, mainly that each im-
provement requires checking more cases by hand/computer than the previous result.
Unfortunately, this is a condition of the method of proof used and the nature of the
problem, as we shall see in Chapter 2.
The primary idea with these proofs is to consider the binomial coefficient
(
(k+1)n
kn
)
and subdivide the ‘categories’ of primes as small, medium, and large as:
T1 =
∏
p≤
√
(k+1)n
pβ(p), T2 =
∏
√
(k+1)n<p≤kn
pβ(p), and T3 =
∏
kn+1≤p≤(k+1)n
p
such that (
(k + 1)n
kn
)
= T1T2T3,
where β(p) is the largest power of p, say α, such that pα divides
(
(k+1)n
kn
)
. It should
also be noted that we may readily calculate β(p) by
β(p) =
∞∑
t=1
([
(k + 1)n
pt
]
−
[
kn
pt
]
−
[
n
pt
])
,
a fact shown by P. Erdo˝s in [8, p. 24].
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We then bound T1 and T2 from above by easily computable approximations. Sim-
ilarly, we bound
(
(k+1)n
kn
)
from below and show that
T3 =
(
(k + 1)n
kn
)
1
T1T2
> 1.
Since then T3 > 1, there is at least one prime number between kn and (k + 1)n.
We will use methods similar to these in Section 2.1 to show that there is a prime
number between 4n and 5n for all integers n > 2. However, in Section 2.2 we will not
only apply these methods, but we will need to define a division of binomial coefficients
in order to efficiently bound T2. We will define Bk(n,m) as
Bk(n,m) =
{ (k+1)n
m
kn
m
}/{ (k+1)n
2m
kn
2m
}
and establish both upper and lower bounds for this division. In doing so we will be
able to extend our proof technique to the case when k = 8.
We then move from our elementary approach in favor of an analytic number theory
approach that was utilized by S. Ramanujan in [13] and J. Nagura in [12], showing
that
ϑ
(
(k + 1)n
k
)
− ϑ(n) > 0
provided that n and k are integers such that 1 ≤ k ≤ 519 and n ≥ k. We will then
show that this theorem yields a corollary that there is at least one prime number
between 519n and 520n for all n > 15.
We conclude Chapter 2 by showing that there exists a prime number p such that
n2 < p < (n + 1)2.000001. This result is close to Legendre’s conjecture, which asserts
3
that there exists a prime number between n2 and (n+ 1)2. Moreover, we note that
there exists a prime number p such that n2 < p < (n+ 1)2+ε for any ε > 0 and some
sufficiently large n.
In Chapter 3 we will turn our attention to determining the number of prime
numbers between n and kn based upon our previous results. We will also show that
there are at least k − 1 prime numbers between n and kn for any k ≥ 2 and n ≥ k.
In doing so, we will also note that the number of prime numbers between n and kn
tends to infinity by showing that
ϑ(kn)− ϑ(n) > n
(
k − 1− 3.965
(
k
log2(kn)
+
1
log2 n
))
> 0,
where log2 x = (log x)2.
Lastly, we show that for every positive integer m there exists a positive integer L
such that for all n ≥ L there are at least m prime numbers in each of our intervals.
We then compare this to the prime number theorem which states that pi(x) ∼ x
log x
.
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Chapter 2
Prime Numbers In Intervals
In this chapter we will show that there is always a prime number in certain intervals
for some positive integer n.
The elementary means employed in Sections 2.1 and 2.2 are essentially the same
as those used by P. Erdo˝s [6], M. El Bachraoui [1], and A. Loo [11]. The analytic
means employed in Section 2.3 are the methods used by S. Ramanujan in [13] and
J. Nagura in [12].
We will extensively utilize the following bounds of the factorial (gamma) function
as provided by H. Robbins [14] in the next two sections and so we present them as a
lemma.
Lemma 2.0.1. Let l(n) =
√
2pi nn+
1
2 e−n+
1
12n+1 and u(n) =
√
2pi nn+
1
2 e−n+
1
12n , then
l(n) < n! < u(n) for n ≥ 1.
Moreover, we will also use the fact that 1 ≤ δ(r, s) ≤ s as shown in the following
lemma.
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Lemma 2.0.2. Let r and s be real numbers satisfying s > r ≥ 1 and {s
r
}
= δ(r, s)
(
[s]
[r]
)
,
then 1 ≤ δ(r, s) ≤ s.
Proof. Let z > 0 and let [z] be the greatest integer less than or equal to z. Define
{z} = z − [z]. Let r and s be real numbers satisfying s > r ≥ 1. Observe that the
number of integers in the interval (s − r, s] is [s] − [s − r], which is [r] if {s} ≥ {r}
and [r] + 1 if {s} < {r}. Let N be the set of all natural numbers and define
{
s
r
}
=
∏
k∈(s−r,s]∩N
k
∏
k∈(0,r]∩N
k
= δ(r, s)
(
[s]
[r]
)
where δ(r, s) = 1 if {s} ≥ {r} and δ(r, s) = [s − r] + 1 if {s} < {r}. In either case,
1 ≤ δ(r, s) ≤ s.
Lemma 2.0.3. The following are true:
1. Let c ≥ 1
12
be a fixed constant. For x ≥ 1
2
,
u(x+c)
l(c)l(x)
is increasing.
2. Let c be a fixed positive constant and define h2(x) =
u(c)
l(x)l(c−x) . Then h
′
2(x) > 0
when 1
2
≤ x ≤ c
2
, h′2(x) = 0 when x =
c
2
, and h′2(x) < 0 when
c
2
< x ≤ c− 1
2
.
Proof. See Lemmas 1.4 and 1.5 of [11].
2.1 Primes in the Interval [4n, 5n]
In this section we will show that there is always a prime number in the interval
(4n, 5n) for any positive integer n > 2. In order to do so, we will begin by showing
two inequalities which will be vital to the main proof which follows.
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For our main proof we will consider the binomial coefficient
(
5n
4n
)
and subdivide
the prime numbers composing
(
5n
4n
)
into three products based on their size. That is,
we will categorize the prime numbers as
T1 =
∏
p≤
√
5n
pβ(p), T2 =
∏
√
5n<p≤4n
pβ(p), and T3 =
∏
4n+1≤p≤5n
p
so that (
5n
4n
)
= T1T2T3.
We will then show that T3 =
(
5n
4n
)
1
T1T2
is greater than 1 and therefore there is at
least one prime number in T3. That is, there is at least one prime number in the
interval (4n, 5n).
Lemma 2.1.1. The following inequalities hold:
1. For n ≥ 6818, e1/(60n + 1)−1/48n−1/12n ≥ 0.999986.
2. For n ≥ 1, e1/30n−1/(24n + 1)−1/(6n + 1) ≤ 1.
3. For n ≥ 1, e1/20n−1/(16n + 1)−1/(4n + 1) ≤ 1.
4. For n ≥ 6815, 4n+3
n−3 < 4.002202.
Proof (1). The following inequalities are equivalent for n ≥ 6818:
e
1/(60n + 1)−1/48n−1/12n ≥ 0.999986
1
60n+1
− 1
48n
− 1
12n
≥ log 0.999986
252n+5
2880n2+48n
≤ − log 0.999986 ≈ 0.000014.
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Now the left-hand side is decreasing in n and so it suffices to verify the case when
n = 6818. When n = 6818, we obtain
1718141
133877484384
< 0.000013 < − log 0.999986.
Proof (2). The following inequalities are equivalent for n ≥ 1:
e
1/30n−1/(24n + 1)−1/(6n + 1) ≤ 1
1
30n
− 1
24n+1
− 1
6n+1
≤ 0
1 ≤ 756n2 + 30n.
Which clearly holds for all n ≥ 1.
Proof (3). The following inequalities are equivalent for n ≥ 1:
e
1/20n−1/(16n + 1)−1/(4n + 1) ≤ 1
1
20n
− 1
16n+1
− 1
4n+1
≤ 0
1 ≤ 336n2 + 20n.
Which clearly holds for all n ≥ 1.
Proof (4). The inequality follows directly by noting that 4n+3
n−3 < 4.002202 is equivalent
to 0 < 0.002202n− 15.006606 which clearly holds for all n ≥ 6815.
Lemma 2.1.2. For all n ≥ 6818 the following inequality holds:
0.054886
2
n
2 n
3
2
(
3125
256
)n
6
> (5n)
2.51012
√
5n
log(5n) .
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Proof. The following are equivalent for n ≥ 6818:
0.054886
2
n
2 n
3
2
(
3125
256
)n
6
> (5n)
2.51012
√
5n
log(5n)
log 0.054886− n
2
log 2− 3
2
log n+
n
6
log 3125− n
6
log 256 > 2.51012
√
5n
n
6
[log 3125− 3 log 2− log 256] > 2.51012
√
5n+
3
2
log n− log 0.054886
1
6
[5 log 5− 11 log 2] > 2.51012
√
5√
n
+
3
2
(
log n
n
)
− log 0.054886
n
.
Now the right-hand side is decreasing in n and so it suffices to verify the case
when n = 6818. When n = 6818, we obtain
1
6
[5 log 5− 11 log 2] > 0.0742 > 2.51012
√
5√
6818
+
3
2
(
log 6818
6818
)
− log 0.054886
6818
.
We now proceed with the proof of our main theorem for this section; that is, there
is always a prime number between 4n and 5n for all integers n > 2.
Theorem 2.1.3. For any positive integer n > 2 there is a prime number between 4n
and 5n.
Proof. It can be easily verified that for n = 3, 4, . . . , 6817 there is always a prime
number between 4n and 5n. Now let n ≥ 6818 and consider:
(
5n
4n
)
=
(4n+ 1)(4n+ 2) · · · (5n)
1 · 2 · · ·n .
The product of primes between 4n and 5n, if there are any, divides
(
5n
4n
)
.
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Following the notation used in [1, 6, 11], we let
T1 =
∏
p≤
√
5n
pβ(p), T2 =
∏
√
5n<p≤4n
pβ(p), and T3 =
∏
4n+1≤p≤5n
p
such that (
5n
4n
)
= T1T2T3.
The prime decomposition of
(
5n
4n
)
implies that the powers in T2 are less than 2; see
[8, p. 24] for the prime decomposition of
(
n
j
)
. In addition, the prime decomposition
of
(
5n
4n
)
, see [8, p. 24], yields the upper bound for T1:
T1 < (5n)
pi(
√
5n).
But pi(x) ≤ 1.25506x
log x
, see [15]. So we obtain
T1 < (5n)
pi(
√
5n) ≤ (5n) 2.51012
√
5n
log(5n) .
Now let A =
{
5n/2
2n
}
and B =
{
5n/3
4n/3
}
and observe the following for a prime number p
in T2:
◦ If 5n
2
< p ≤ 4n, then
n < p ≤ 4n < 5n < 2p.
Hence β(p) = 0.
◦ Clearly
∏
2n<p≤ 5n
2
p divides A.
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◦ If 5n
3
< p ≤ 2n, then
n < p < 2p ≤ 4n < 5n < 3p.
Hence β(p) = 0.
◦ Clearly
∏
4n
3
<p≤ 5n
3
p divides B.
◦ If 5n
4
< p ≤ 4n
3
, then
n < p < 3p ≤ 4n < 5n < 4p.
Hence β(p) = 0.
◦ If n < p ≤ 5n
4
, then
n
2
< p < 2n < 2p ≤ 5n
2
< 3p.
Hence
∏
n<p≤ 5n
4
p divides A.
◦ If 5n
6
< p ≤ n, then
p ≤ n < 2p < 4p ≤ 4n < 5p ≤ 5n < 6p.
Hence β(p) = 0.
◦ If 2n
3
< p ≤ 5n
6
, then
n
3
< p <
4n
3
< 2p ≤ 5n
3
< 3p.
Hence
∏
2n
3
<p≤ 5n
6
p divides B.
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◦ If 5n
8
< p ≤ 2n
3
, then
p < n < 2p < 6p ≤ 4n < 7p < 5n < 8p.
Hence β(p) = 0.
◦ If n
2
< p ≤ 5n
8
, then
n
2
< p < 3p < 2n < 4p ≤ 5n
2
< 5p.
Hence
∏
n
2
<p≤ 5n
8
p divides A.
◦ If 5n
11
< p ≤ n
2
, then
p < 2p ≤ n < 3p < 8p ≤ 4n < 9p < 10p ≤ 5n < 11p.
Hence β(p) = 0.
◦ If 4n
9
< p ≤ 5n
11
, then
n
3
< p < 2p <
4n
3
< 3p <
5n
3
< 4p.
Hence
∏
4n
9
<p≤ 5n
11
p divides B.
◦ If 5n
12
< p ≤ 4n
9
, then
p < 2p < n < 3p < 9p ≤ 4n < 10p < 11p < 5n < 12p.
Hence β(p) = 0.
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◦ If n
3
< p ≤ 5n
12
, then
n
3
< p < 3p <
4n
3
< 4p ≤ 5n
3
< 5p.
Hence
∏
n
3
<p≤ 5n
12
p divides B.
◦ If 5n
16
< p ≤ n
3
, then
p < 2p < 3p ≤ n < 4p < 12p ≤ 4n < 13p < 14p < 15p ≤ 5n < 16p.
Hence β(p) = 0.
◦ If 2n
7
< p ≤ 5n
16
, then
p <
n
2
< 2p < 6p < 2n < 7p < 8p ≤ 5n
2
< 9p.
Hence
∏
2n
7
<p≤ 5n
16
p divides A.
◦ If 5n
18
< p ≤ 2n
7
, then
p < 2p < 3p < n < 4p < 14p ≤ 4n < 15p < 16p < 17p < 5n < 18p.
Hence β(p) = 0.
◦ If n
4
< p ≤ 5n
18
, then
p <
n
2
< 2p < 7p < 2n < 8p < 9p ≤ 5n
2
< 10p.
Hence
∏
n
4
<p≤ 5n
18
p divides A.
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By the fact that
∏
p≤x
p < 4x, see [8, p. 167], we obtain
◦
∏
√
5n<p≤n
4
p < 4
n
4 = 2
n
2 .
Now, to summarize, we obtain
T2 =
∏
√
5n<p≤4n
pβ(p) < 2
n
2AB.
By Lemmas 2.0.1 and 2.1.1, we obtain
(
5n
4n
)
=
(5n)!
(4n)!(n!)
>
l(5n)
u(4n)u(n)
=
√
5
8pin
(
3125
256
)n
e
1
60n+1
− 1
48n
− 1
12n
> 0.446024n−
1
2
(
3125
256
)n
.
Similarly, by Lemmas 2.0.1, 2.0.2, 2.0.3, and 2.1.1, we obtain
A =
{
5n
2
2n
}
= δ(2n, 5n/2)
(
[5n
2
]
2n
)
≤ 5n
2
(
[5n
2
]
2n
)
≤ 5n
2
· u([
5n
2
])
l(2n)l([5n
2
]− 2n)
≤ 5n
2
· u(
5n
2
)
l(2n)l(n
2
)
=
5
4
√
5n
pi
(
3125
256
)n
2
e
1
30n
− 1
24n+1
− 1
6n+1
< 1.576958n
1
2
(
3125
256
)n
2
.
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Lastly, we obtain the upper bound approximation for B as:
B =
{5n
3
4n
3
}
= δ(4n/3, 5n/3)
(
[5n
3
]
[4n
3
]
)
≤ 5n
3
(
[5n
3
]
[4n
3
]
)
=
5n
3
· [
4n
3
] + 1
[5n
3
]− [4n
3
]
·
(
[5n
3
]
[4n
3
] + 1
)
≤ 5n
3
·
4n
3
+ 1
5n
3
− 1− 4n
3
· u([
5n
3
])
l([4n
3
] + 1)l([5n
3
]− ([4n
3
] + 1))
≤ 5n
3
· 4n+ 3
n− 3 ·
u(5n
3
)
l(4n
3
)l(n
3
)
=
√
125
24pi
(
4n+ 3
n− 3
)
n
1
2
(
3125
256
)n
3
e
1
20n
− 1
16n+1
− 1
4n+1
< 5.153158n
1
2
(
3125
256
)n
3
.
Thus we obtain
T3 =
(
5n
4n
)
1
T2T1
>
(
5n
4n
)
1
2
n
2AB
· 1
(5n)
2.51012
√
5n
log(5n)
>
0.446024n−
1
2
(
3125
256
)n
2
n
2
(
1.576958n
1
2
(
3125
256
)n
2
)(
5.153158n
1
2
(
3125
256
)n
3
) · 1
(5n)
2.51012
√
5n
log(5n)
>
0.054886
2
n
2 n
3
2
(
3125
256
)n
6
· 1
(5n)
2.51012
√
5n
log(5n)
> 1,
where the last inequality follows by Lemma 2.1.2. Consequently the product T3 of
prime numbers between 4n and 5n is greater than 1 and therefore the existence of
such numbers is proven.
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With the proof of the previous theorem complete we may also show that there is
always a prime number between n and (5n + 15)/4 for all positive integers n > 2 as
in the following theorem.
Theorem 2.1.4. For any positive integer n > 2 there exists a prime number p satis-
fying n < p < 5(n+3)
4
.
Proof. When n = 3, we obtain 3 < 5 < 7 < 15
2
. Let n ≥ 4. By the division algorithm
4 | (n+ r) for some r ∈ {0, 1, 2, 3} and by Theorem 2.1.3 there exists a prime number
p such that p ∈
(
n + r, 5(n+r)
4
)
. Since
(
n+ r, 5(n+r)
4
)
is contained in
(
n, 5(n+3)
4
)
for
all 0 ≤ r ≤ 3 and n > 2, p ∈
(
n, 5(n+3)
4
)
as desired.
2.2 Primes in the Interval [8n, 9n]
If we attempt to continue using the process from the previous section, then we would
run into an issue. For example, consider trying to prove that there is always a prime
number between 5n and 6n for n > 1. We consider the binomial
(
6n
5n
)
and let
T1 =
∏
p≤
√
6n
pβ(p), T2 =
∏
√
6n<p≤5n
pβ(p), and T3 =
∏
5n+1≤p≤6n
p.
As in Section 2.1, we approximate T1 easily enough as T1 < (6n)
pi(
√
6n), however
when we attempt to approximate T2 the issue presents itself.
To see this, let m be a natural number and consider a prime number p satisfying
6n
m+1
< p ≤ 5n
m
. Now if, m < 5, then n < 6n
m+1
< p ≤ mp ≤ 5n < 6n < (m + 1)p and
hence p does not divide
(
6n
5n
)
.
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Therefore,
T2 =
∏
√
6n<p≤5n
pβp
=
∏
√
6n<p≤n
pβp
∏
n<p≤ 6n
5
pβp
∏
5n
4
<p≤ 3n
2
pβp
∏
5n
3
<p≤2n
pβp
∏
5n
2
<p≤3n
pβp.
Certainly ∏
5n
4
<p≤ 3n
2
p ·
∏
5n
2
<p≤3n
p,
∏
5n
3
<p≤2n
p, and
∏
n<p≤ 6n
5
p
divide
(
3n
5n/2
)
,
(
2n
5n/3
)
, and
(
6n/5
n
)
, respectively. Then we have
T3 =
(
6n
5n
)
1
T1T2
>
(
6n
5n
)
(
3n
5n/2
)(
2n
5n/3
)(
6n/5
n
) · ∏
√
6n<p≤n
p−β(p) · 1
T1
.
However,
1 >
(
6n
5n
)
(
3n
5n/2
)(
2n
5n/3
)(
6n/5
n
)
for all n > 40 and thus the method is inconclusive.
Therefore we need to find a sharper approximation for each of the products of
primes which compose T2. We will do so by defining Bk(n,m) to be a division of
binomial coefficients as
Bk(n,m) =
{ (k+1)n
m
kn
m
}/{ (k+1)n
2m
kn
2m
}
.
We will then bound this approximation from both above and below. The reason for
acquiring a lower bound is due to the fact, as in our example, just because
∏
5n
2
<p≤3n p
divides B5(n, 2) does not mean that B5(n, 2) is an upper bound for the product of
17
primes. Therefore we also need to show that
B5(n, 2) ·
∏
5n
2
<p≤3n
1
p
≥ 1
and thus B5(n, 2) is an upper bound for the product of primes between
5n
2
and 3n.
While our proof in this section is not entirely elementary due to the methods
utilized in Lemmas 2.2.4 and 2.2.5, the results of this section provide insight and
proof techniques which may be used to show other cases via elementary means. Also,
the proof of Lemma 2.2.4 provides a shift into the proof techniques of Sections 2.3
and 2.4.
Our first priority is to show that if k,m, and n are natural numbers with
n ≥ m ≥ 2 and k ≥ 2, then any prime number satisfying kn
m
< p ≤ (k+1)n
m
divides
Bk(n,m) as in the next lemma.
Lemma 2.2.1. For k,m, n ∈ N with n ≥ m ≥ 2 and k ≥ 2. If p is a prime number
such that kn
m
< p ≤ (k+1)n
m
, then p divides
Bk(n,m) =
{ (k+1)n
m
kn
m
}/{ (k+1)n
2m
kn
2m
}
.
Proof. Let k,m, n ∈ N with n ≥ m ≥ 2 and k ≥ 2. Let p be a prime number such
that kn
m
< p ≤ (k+1)n
m
and observe that
kn
2m
<
(k + 1)n
2m
<
kn
m
< p ≤ (k + 1)n
m
.
Hence p divides Bk(n,m) as desired.
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We now turn our attention to showing an upper approximation for Bk(n,m). To
accomplish this we will utilize Lemma 2.0.1 to approximate the factorial function.
Lemma 2.2.2. For all k,m, n ∈ N with n ≥ m ≥ 2 and k ≥ 2,
Bk(n,m) <
n(k + 1)(kn+m)(kn + n+ 2m)(n + 2m)
4
√
2m3(n−m)
(
(k + 1)k+1
kk
) n
2m
eE
≤ n(k + 1)(kn+m)(kn+ n + 2m)(n+ 2m)
4
√
2m3(n−m)
(
(k + 1)k+1
kk
) n
2m
e
12029
111150
where
E =
(2k2 + 5k + 2)m
12k(k + 1)n
− m
12kn+m
− m
12n+m
− m
6(k + 1)n+m
.
Proof. By Lemmas 2.0.1, 2.0.2, and 2.0.3, we obtain
{ (k+1)n
2m
kn
2m
}
= δ (kn/m, (k + 1)n/m)
(
[(k + 1)n/m]
[kn/m]
)
≤ (k + 1)n
m
·
(
[(k + 1)n/m]
[kn/m]
)
=
(k + 1)n
m
·
[
kn
m
]
+ 1[
(k+1)n
m
]
− [kn
m
]
(
[(k + 1)n/m]
[kn/m] + 1
)
≤ (k + 1)n
m
·
kn
m
+ 1
(k+1)n
m
− kn
m
− 1
·
u
(
(k+1)n
m
)
l
(
kn
m
)
l
(
n
m
)
=
√
(k + 1)n
2pikm
· (k + 1)(kn+m)
n−m ·
(
(k + 1)k+1
kk
) n
m
eEu ,
where
Eu =
m
12(k + 1)n
− m
12kn+m
− m
12n+m
.
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Similarly, we obtain the lower bound approximation for
{
(k+1)n/2m
kn/2m
}
as:
{ (k+1)n
2m
kn
2m
}
= δ (kn/2m, (k + 1)n/2m)
(
[(k + 1)n/2m]
[kn/2m]
)
≥ 1 ·
(
[(k + 1)n/2m]
[kn/2m]
)
=
1([
(k+1)n
2m
]
+ 1
)([
(k+1)n
2m
]
− [ kn
2m
]) ·
([
(k+1)n
2m
]
+ 1
)
![
kn
2m
]
! ·
([
(k+1)n
2m
]
− [ kn
2m
]− 1)!
>
1(
(k+1)n
2m
+ 1
)(
(k+1)n
2m
− kn
2m
+ 1
) · l
([
(k+1)n
2m
]
+ 1
)
u
([
kn
2m
])
u
([
(k+1)n
2m
]
− [ kn
2m
]− 1)
≥ 4m
2
((k + 1)n + 2m)(n+ 2m)
·
l
(
(k+1)n
2m
)
u
(
kn
2m
)
u
(
n
2m
)
=
4m2
(kn+ n+ 2m)(n + 2m)
√
(k + 1)m
pikn
(
(k + 1)k+1
kk
) n
2m
eEl,
where
El =
m
6(k + 1)n +m
− m
6kn
− m
6n
=
m
6(k + 1)n +m
− (k + 1)m
6kn
.
Therefore
Bk(n,m) <
n(k + 1)(kn+m)(kn + n+ 2m)(n+ 2m)
4
√
2m3(n−m)
(
(k + 1)k+1
kk
) n
2m
eE ,
where
E = Eu − El = m
n
(
2k2 + 5k + 2
12k(k + 1)
− 1
12k +m/n
− 1
12 +m/n
− 1
6(k + 1) +m/n
)
.
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Since k ≥ 2, clearly k2 + 3k > 1. In other words, 2k2 + 5k + 2 > k2 + 2k + 3.
Dividing both sides by 12k(k + 1) and rewriting the right-hand side, we obtain
2k2 + 5k + 2
12k(k + 1)
>
1
12
+
1
12k
+
1
6(k + 1)
.
Moreover, since n ≥ m ≥ 2, 0 < m
n
≤ 1 and hence
2k2 + 5k + 2
12k(k + 1)
>
1
12
+
1
12k
+
1
6(k + 1)
>
1
12 +m/n
+
1
12k +m/n
+
1
6(k + 1) +m/n
=
n
12n+m
+
n
12kn+m
+
n
6(k + 1)n+m
.
Multiplying both sides by m
n
, we obtain
(2k2 + 5k + 2)m
12k(k + 1)n
>
m
12n+m
+
m
12kn+m
+
m
6(k + 1)n+m
.
Hence E is decreasing in n. Furthermore, since n ≥ m, n ∈ [m,∞) and hence E
is maximum when n = m. When n = m, we obtain
E =
2k2 + 5k + 2
12k(k + 1)
− 1
12k + 1
− 1
13
− 1
6(k + 1) + 1
=
1008k4 + 2268k3 + 2684k2 + 1463k + 182
11232k4 + 25272k3 + 15132k2 + 1092k
=
1008 + 2268/k + 2684/k2 + 1463/k3 + 182/k4
11232 + 25272/k + 15132/k2 + 1092/k3
≥ 7
78
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Now since E is decreasing in k and k ≥ 2 we have that E is maximum when k = 2.
Hence 7
78
≤ E ≤ 12029
111150
. Thus we obtain
Bk(n,m) <
n(k + 1)(kn +m)(kn+ n + 2m)(n+ 2m)
4
√
2m3(n−m)
(
(k + 1)k+1
kk
) n
2m
eE
≤ n(k + 1)(kn+m)(kn + n+ 2m)(n + 2m)
4
√
2m3(n−m)
(
(k + 1)k+1
kk
) n
2m
e
12029
111150 .
We must show that Bk(n,m) is an upper bound for the product of prime numbers
between kn
m
and (k+1)n
m
. One way to accomplish this task is to bound Bk(n,m) from
below, bound the product of primes from above, and determine their inequality. We
will do so for k = 8 and therefore show that B8(n,m) is an upper bound for the
product of primes between 8n
m
and 9n
m
.
Lemma 2.2.3. For all k,m, n ∈ N with n ≥ m ≥ 2 and k ≥ 2,
Bk(n,m) >
√
2m3(n− 2m)
n(k + 1)(kn+ n +m)(n+m)(kn + 2m)
(
(k + 1)k+1
kk
) n
2m
eF
≥
√
2m3(n− 2m)
n(k + 1)(kn+ n+m)(n +m)(kn + 2m)
(
(k + 1)k+1
kk
) n
2m
e
5
84
where
F =
m
12(k + 1)n+m
+
m
6kn+m
+
m
6n +m
− (k
2 + 4k + 1)m
12k(k + 1)n
.
Proof. Let
Fl =
m
12(k + 1)n+m
− (k + 1)m
12kn
and
Fu =
m
6(k + 1)n
− m
6kn+m
− m
6n+m
,
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then by Lemmas 2.0.1, 2.0.2, and 2.0.3, we obtain{ (k+1)n
m
kn
m
}
= δ(kn/m, (k + 1)n/m)
(
[(k + 1)n/m]
[kn/m]
)
≥ 1 ·
(
[(k + 1)n/m]
[kn/m]
)
=
1([
(k+1)n
m
]
+ 1
)([
(k+1)n
m
]
− [kn
m
]) ·
([
(k+1)n
m
]
+ 1
)
![
kn
m
]
! ·
([
(k+1)n
m
]
− [kn
m
]− 1)!
>
1(
(k+1)n
m
+ 1
)(
(k+1)n
m
− kn
m
+ 1
) · l
([
(k+1)n
m
]
+ 1
)
u
([
kn
m
])
u
([
(k+1)n
m
]
− [kn
m
]− 1)
≥ m
2
(kn+ n +m)(n+m)
·
l
(
(k+1)n
m
)
u
(
kn
m
)
u
(
n
m
)
=
m2
(kn + n+m)(n +m)
√
(k + 1)m
2pikn
(
(k + 1)k+1
kk
) n
m
eFl.
Similarly, we obtain the upper bound approximation of
{
(k+1)n/2m
kn/2m
}
as:
{ (k+1)n
2m
kn
2m
}
= δ(kn/2m, (k + 1)n/2m)
(
[(k + 1)n/2m]
[kn/2m]
)
≤ (k + 1)n
2m
·
(
[(k + 1)n/2m]
[kn/2m]
)
=
(k + 1)n
2m
·
[
kn
2m
]
+ 1[
(k+1)n
2m
]
− [ kn
2m
]
(
[(k + 1)n/2m]
[kn/2m] + 1
)
≤ (k + 1)n
2m
·
kn
2m
+ 1
(k+1)n
2m
− 1− kn
2m
·
u
([
(k+1)n
2m
])
l
([
kn
2m
]
+ 1
)
l
([
(k+1)n
2m
]
− [ kn
2m
]− 1)
≤ (k + 1)n
2m
· kn+ 2m
n− 2m ·
u
(
(k+1)n
2m
)
l
(
kn
2m
)
l
(
n
2m
)
=
n(k + 1)(kn+ 2m)
2m(n− 2m)
√
(k + 1)m
pikn
(
(k + 1)k+1
kk
) n
2m
eFu .
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Thus
Bk(n,m) >
√
2m3(n− 2m)
n(k + 1)(kn+ n +m)(n+m)(kn + 2m)
(
(k + 1)k+1
kk
) n
2m
eF
where
F = Fl − Fu
=
m
12(k + 1)n+m
+
m
6kn+m
+
m
6n+m
− (k
2 + 4k + 1)m
12k(k + 1)n
=
m
n
(
n
12(k + 1) +m/n
+
n
6k +m/n
+
n
6 +m/n
− k
2 + 4k + 1
12k(k + 1)
)
.
Since k ≥ 2, clearly 360k4 + 810k3 + 809k2 + 338k > 91. Equivalently,
864k4 + 3456k3 + 3924k2 + 1332k > 504k4 + 2646k3 + 3115k2 + 994k + 91
and so
72k2 + 216k + 111
504k2 + 630k + 91
>
k2 + 4k + 1
12k2 + 12k
.
Factoring both sides, we obtain
1
12k + 13
+
1
6k + 1
+
1
7
>
k2 + 4k + 1
12k(k + 1)
.
Moreover, since n ≥ m ≥ 2, 0 < m
n
≤ 1, we have
k2 + 4k + 1
12k(k + 1)
<
1
12k + 13
+
1
6k + 1
+
1
7
≤ 1
12k + 12 +m/n
+
1
6k +m/n
+
1
6 +m/n
24
Multiplying both sides by m
n
, we obtain
m
12(k + 1)n+m
+
m
6kn+m
+
m
6n+m
>
(k2 + 4k + 1)m
12k(k + 1)n
.
Thus F is increasing in n and is minimum when n = m. When n = m, we obtain
F =
1
12k + 13
+
1
6k + 1
+
1
7
− k
2 + 4k + 1
12k(k + 1)
=
360k4 + 810k3 + 809k2 + 338k − 91
6048k4 + 13608k3 + 8652k2 + 1092k
.
Now since F is decreasing in k and k ≥ 2, 16061
242424
≥ F ≥ 5
84
. Thus we obtain
Bk(n,m) >
√
2m3(n− 2m)
n(k + 1)(kn+ n+m)(n +m)(kn+ 2m)
(
(k + 1)k+1
kk
) n
2m
eF
≥
√
2m3(n− 2m)
n(k + 1)(kn+ n +m)(n+m)(kn + 2m)
(
(k + 1)k+1
kk
) n
2m
e
5
84 .
Lemma 2.2.4. For m,n ∈ N with 3 ≤ m ≤ 7 and n ≥ 10437,
∏
8n
m
<p≤ 9n
m
p < e1.129918(
n
m
).
Proof. Observe the well-known identity that 0.985x < ϑ(x) < 1.001102x where the
left-hand inequality holds for x ≥ 11927, the right-hand side for x ≥ 1, and where
ϑ(x) =
∑
p≤x log p is the first Chebyshev function, see [16]. That is,
e0.985x <
∏
p≤x
p < e1.001102x
25
and hence ∏
8n
m
<p≤ 9n
m
p < e1.001102(
9n
m
)−0.985( 8n
m
)=e1.129918(
n
m ) .
Now since 8n
m
≥ 11927 and 3 ≤ m ≤ 7, n ≥ 11927m
8
. Thus n ≥ 10437 > 11927·7
8
assures that the inequality holds for 3 ≤ m ≤ 7.
Now we may show that B8(n,m) is an upper bound for the product of prime
numbers between 8n
m
and 9n
m
as was desired.
Lemma 2.2.5. For m,n ∈ N with 3 ≤ m ≤ 7 and n ≥ 10437,
B8(n,m) >
∏
8n
m
<p≤ 9n
m
p.
Proof. Let m,n ∈ N such that 3 ≤ m ≤ 7 and n ≥ 10437. Clearly the inequality
1
m
(
log(99/88)
2
− 1.129918
)
>
log 2
2n
+
3 log 3
n
+
logn
n
+
log(9n+m)
n
+
log(n +m)
n
+
log(4n+m)
n
holds for n = 10437 and m = 3, 4, 5, 6, and 7. Moreover, the right-hand side of the
inequality is decreasing in n and hence the inequality also holds for all n ≥ 10437.
Adding 3 logm
n
+ log(n−2m)
n
+ 5
84n
to the left-hand side, we obtain
1
m
(
log(99/88)
2
− 1.129918
)
+
3 logm
n
+
log(n− 2m)
n
+
5
84n
>
log 2
2n
+
3 log 3
n
+
log n
n
+
log(9n+m)
n
+
log(n +m)
n
+
log(4n+m)
n
.
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Multiplying both sides by n and rearranging terms, we obtain
3 logm+ log(n− 2m)− 3 log 3− log n− log(9n+m)− log(n+m)
− log 2
2
− log(4n+m) + n
2m
log(99/88) +
5
84
> 1.129918(n/m).
Taking both sides to the base e, we obtain
m3(n− 2m)
9
√
2n(9n +m)(n+m)(4n+m)
(
99
88
) n
2m
e
5
84 > e1.129918(
n
m
).
Now by Lemmas 2.2.3 and 2.2.4, we obtain
B8(n,m) >
m3(n− 2m)
9
√
2n(9n+m)(n +m)(4n+m)
(
99
88
) n
2m
e
5
84 > e1.129918(
n
m
) >
∏
8n
m
<p≤ 9n
m
p
as desired.
We now need to bound the binomial coefficient
(
(k+1)n
kn
)
from below, and Bk(n,m)
and
(
9n/2
4n
)
from above for later use in our main result as in the next three lemmas.
Lemma 2.2.6. For a positive integer n ≥ 28327,
(
9n
8n
)
> 0.4231409 · n−1/2
(
99
88
)n
.
Proof. By Lemma 2.0.1, we obtain
(
(k + 1)n
kn
)
>
l((k + 1)n)
u(kn)u(n)
=
√
k + 1
2pikn
(
(k + 1)k+1
kk
)n
e
1
12(k+1)n+1
− k+1
12kn .
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Now when k = 8, we obtain
(
9n
8n
)
>
√
9
16pin
(
99
88
)n
e
1
108n+1
− 3
32n .
Furthermore, since 1
108n+1
− 3
32n
< 0 and 1
108n+1
− 3
32n
is increasing in n, e
1
108n+1
− 3
32n
is increasing in n. Moreover, since n ≥ 28327, e 1108n+1− 332n ≥ e− 82714872773160725088 .
Thus
(
9n
8n
)
>
√
9
16pin
(
99
88
)n
e
1
108n+1
− 3
32n
>
√
9
16pin
(
99
88
)n
e−
8271487
2773160725088
> 0.4231409 · n−1/2
(
99
88
)n
.
Lemma 2.2.7. The following inequalities hold for n ≥ 93:
1. B8(n, 3) < 0.065661n
4
(
99
88
)n
6
.
2. B8(n, 5) < 0.014183n
4
(
99
88
) n
10
.
3. B8(n, 7) < 0.005169n
4
(
99
88
) n
14
.
Proof. By Lemma 2.2.2, we have
B8(n,m) <
9n(8n+m)(9n + 2m)(n+ 2m)
4
√
2m3(n−m)
(
99
88
) n
2m
e
12029
111150 .
Now consider
n(8n+m)(9n + 2m)(n+ 2m)
n−m < n
4,
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equivalently
72n4 + 169n3m+ 52n2m2 + 4nm3 < n5 − n4m.
Dividing both sides by n5 and rearranging terms, we obtain
72
n
+
169m
n2
+
52m2
n3
+
4m3
n4
+
m
n
< 1.
Now the left-hand side is decreasing in n and it suffices to verify the case when
n = 93 for the respective values of m. When n = 93, we obtain
799450
923521
< 1,
69365294
74805201
< 1, and
74014306
74805201
< 1
when m = 3, m = 5, and m = 7, respectively.
Thus
n(8n+m)(9n+ 2m)(n + 2m)
n−m < n
4
and the results follow directly.
Lemma 2.2.8. For n a positive integer,
{
9n/2
4n
}
< 2.692861
√
n
(
99
88
)n
2
.
Proof. By Lemma 2.0.1, we obtain
{
9n/2
4n
}
≤ 9n
2
([9n
2
]
4n
)
<
9n
2
· u
([
9n
2
])
l(4n)l
([
9n
2
]− 4n)
≤ 9n
2
· u
(
9n
2
)
l(4n)l
(
n
2
) = 9n
2
√
9
8pin
(
99
88
)n
2
e
1
54n
− 1
6n+1
− 1
48n+1
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Now since 1
54n
− 1
6n+1
− 1
48n+1
< 0 and 1
54n
− 1
6n+1
− 1
48n+1
is increasing in n,
e
1
54n
− 1
6n+1
− 1
48n+1 is increasing in n. Hence e
1
54n
− 1
6n+1
− 1
48n+1 ≤ 1 and so
(
9n/2
4n
)
<
9n
2
√
9
8pin
(
99
88
)n
2
< 2.692861
√
n
(
99
88
)n
2
.
Lemma 2.2.9. For all n ≥ 56833,
(
99
88
) 17n
105
> e1.001102(
9n
19 )n13(9n)
7.53036
√
n
log(9n) .
Proof. The following inequalities are equivalent for all n ≥ 56833:
(
99
88
) 17n
105
> e1.001102(
9n
19 )n13(9n)
7.53036
√
n
log(9n)
17n
105
log
(
99
88
)
− 1.001102
(
9n
19
)
> 13 logn + 7.53036
√
n
17
105
log
(
99
88
)
− 1.001102
(
9
19
)
>
13 logn
n
+
7.53036√
n
.
Now the right-hand side is decreasing in n, so it suffices to verify the case when
n = 56833. When n = 56833, we obtain
17
105
log
(
99
88
)
> 0.0340918 >
13 log 56833
56833
+
7.53036√
56833
.
Theorem 2.2.10. For any positive integer n > 4 there is a prime number between
8n and 9n.
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Proof. It can be easily verified that for n = 5, 6, . . . , 56832 there is always a prime
between 8n and 9n. Now let n ≥ 56833 and consider:
(
9n
8n
)
=
(8n+ 1)(8n+ 2) · · · (9n)
1 · 2 · · ·n .
The product of primes between 8n and 9n, if there are any, divides
(
9n
8n
)
. Following
the notation used in [1, 6, 11], we let
T1 =
∏
p≤
√
9n
pβ(p), T2 =
∏
√
9n<p≤8n
pβ(p), and T3 =
∏
8n+1≤p≤9n
p
such that (
9n
8n
)
= T1T2T3.
The prime decomposition of
(
9n
8n
)
implies that the powers in T2 are less than 2, see
[8, p. 24] for the prime decomposition of
(
n
j
)
. In addition, the prime decomposition
of
(
9n
8n
)
yields the upper bound for T1:
T1 < (9n)
pi(
√
9n).
See [8, p. 24]. But pi(x) ≤ 1.25506x
log x
, see [15]. Thus
T1 < (9n)
pi(
√
9n) ≤ (9n) 2.51012
√
9n
log(9n) .
By Lemma 2.2.1, we know that if n,m ∈ N, n ≥ m ≥ 2, and p is a prime number
such that 8n
m
< p ≤ 9n
m
, then p | B8(n,m). So let m satisfy 7 ≥ m ≥ 3, let A =
{
9n/2
4n
}
,
and observe the following for a prime number p in T2:
31
◦ If 9n
2
< p ≤ 8n, then
n < p ≤ 8n < 9n < 2p.
Hence β(p) = 0.
◦ If 4n < p ≤ 9n
2
, then p divides A.
Hence
∏
9n
2
<p≤4n
p divides A.
◦ If 3n < p ≤ 4n, then
n < p < 2p ≤ 8n < 9n < 3p.
Hence β(p) = 0.
◦ If 8n
3
< p ≤ 3n, then p divides B8(n, 3).
Hence
∏
8n
3
<p≤3n
p divides B8(n, 3).
◦ If 9n
4
< p ≤ 8n
3
, then
n < p < 3p ≤ 8n < 9n < 4p.
Hence β(p) = 0.
◦ If 2n < p ≤ 9n
4
, then
n
2
< 2n < p ≤ 9n
4
< 4n < 2p ≤ 9n
2
< 3p.
Hence
∏
2n<p≤ 9n
4
p divides A.
◦ If 9n
5
< p ≤ 2n, then
n < p < 4p ≤ 8n < 9n < 5p.
Hence β(p) = 0.
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◦ If 8n
5
< p ≤ 9n
5
, then p divides B8(n, 5).
Hence
∏
8n
5
<p≤ 9n
5
p divides B8(n, 5).
◦ If 3n
2
< p ≤ 8n
5
, then
n < p < 5p ≤ 8n < 9n < 6p.
Hence β(p) = 0.
◦ If 4n
3
< p ≤ 3n
2
, then
n
2
<
4n
3
< p ≤ 3n
2
< 2p < 4n < 3p ≤ 9n
2
< 4p.
Hence
∏
4n
3
<p≤ 3n
2
p divides A.
◦ If 9n
7
< p ≤ 4n
3
, then
n < p < 6p ≤ 8n < 9n < 7p.
Hence β(p) = 0.
◦ If 8n
7
< p ≤ 9n
7
, then p divides B8(n, 7).
Hence
∏
8n
7
<p≤ 9n
7
p divides B8(n, 7).
◦ If 9n
8
< p ≤ 8n
7
, then
n < p < 7p ≤ 8n < 9n < 8p.
Hence β(p) = 0.
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◦ If n < p ≤ 9n
8
, then
n
2
< n < p < 3p < 4n < 4p ≤ 9n
2
< 5p.
Hence
∏
n<p≤ 9n
8
p divides A.
◦ If 9n
10
< p ≤ n, then
p ≤ n < 2p < 8p ≤ 8n < 9p ≤ 9n < 10p.
Hence β(p) = 0.
◦ If 4n
5
< p ≤ 9n
10
, then
n
2
< p < 4p < 4n < 5p ≤ 9n
2
< 6p.
Hence
∏
4n
5
<p≤ 9n
10
p divides A.
◦ If 3n
4
< p ≤ 4n
5
, then
p < n < 2p < 10p ≤ 8n < 11p < 9n < 12p.
Hence β(p) = 0.
◦ If 2n
3
< p ≤ 3n
4
, then
n
2
< p < 5p < 4n < 6p ≤ 9n
2
< 7p.
Hence
∏
2n
3
<p≤ 3n
4
p divides A.
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◦ If 9n
14
< p ≤ 2n
3
, then
p < n < 2p < 12p ≤ 8n < 13p < 9n < 14p.
Hence β(p) = 0.
◦ If 4n
7
< p ≤ 9n
14
, then
n
2
< p < 6p < 4n < 7p ≤ 9n
2
< 8p.
Hence
∏
4n
7
<p≤ 9n
14
p divides A.
◦ If 9n
16
< p ≤ 4n
7
, then
p < n < 2p < 14p ≤ 8n < 15p < 9n < 16p.
Hence β(p) = 0.
◦ If n
2
< p ≤ 9n
16
, then
n
2
< p < 7p < 4n < 8p ≤ 9n
2
< 9p.
Hence
∏
n
2
<p≤ 9n
16
p divides A.
◦ If 9n
19
< p ≤ n
2
, then
p < 2p ≤ n < 3p < 16p ≤ 8n < 17p < 18p ≤ 9n < 19p.
Hence β(p) = 0.
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By the fact that
∏
p≤x
p < e1.001102x as shown in [16], we obtain
◦
∏
√
9n<p≤ 9n
19
p ≤
∏
p≤ 9n
19
p < e1.001102(
9n
19
).
By Lemmas 2.2.7 and 2.2.8, we obtain
T2 < e
1.001102( 9n
19
)
{
9n/2
4n
}
B8(n, 3)B8(n, 5)B8(n, 7)
< 0.000013e1.001102(
9n
19
)n
25
2
(
99
88
)n
2
+n
6
+ n
10
+ n
14
= 0.000013e1.001102(
9n
19
)n
25
2
(
99
88
) 88n
105
.
By Lemma 2.2.6,
(
9n
8n
)
> 0.4231409n−1/2
(
99
88
)n
.
Thus we obtain
T3 =
(
9n
8n
)
1
T1T2
>
0.4231409
0.000013
e−1.001102(
9n
19
)n−13
(
99
88
) 17n
105
(9n)−
2.51012
√
9n
log(9n)
> e−1.001102(
9n
19
)n−13
(
99
88
) 17n
105
(9n)−
2.51012
√
9n
log(9n)
> 1,
where the last inequality follows by Lemma 2.2.9. Consequently the product T3 of
prime numbers between 8n and 9n is greater than 1 and therefore the existence of
such numbers is proven.
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With the proof of the previous theorem complete we may also show that there
is always a prime number between n and 9n+63
8
for any positive integer n as in the
following theorem.
Theorem 2.2.11. For any positive integer n there is a prime number between n and
9n+63
8
.
Proof. The cases when n ∈ {1, 2, 3, 4} may be verified directly. Now let n ≥ 5 be a
positive integer. By the division algorithm 8 | (n+r) for some r ∈ {0, 1, 2, 3, 4, 5, 6, 7}.
By Theorem 2.2.10 there exists a prime number p such that
p ∈
(
n+ r,
9(n+ r)
8
)
.
Since
(
n + r, 9(n+r)
8
)
is contained in
(
n, 9n+63
8
)
for all r and n, p ∈ (n, 9n+63
8
)
as
desired.
Since we, in essence, skipped the cases when k = 5, 6, and 7 in this chapter, we
will show that they readily follow as corollaries of Theorem 2.2.10.
Corollary 2.2.12. For any positive integer n > 1 there is a prime number between
5n and 6n.
Proof. The cases for 2 ≤ n ≤ 61 may be verified directly. Let n ≥ 62. By the division
algorithm n = 8k + j for some k ∈ N and j ∈ {0, 1, . . . , 7}. Observe that
40k + 5j ≤ 40k + 8j < 45k + 9j ≤ 48k + 6j
and as a consequence
(8(5k + j), 9(5k + j)) ⊂ (5(8k + j), 6(8k + j)) = (5n, 6n).
By Theorem 2.2.10, p ∈ (8(5k + j), 9(5k + j)) and therefore p ∈ (5n, 6n).
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Corollary 2.2.13. For any positive integer n > 4 there is a prime number between
6n and 7n.
Proof. The cases for 5 ≤ n ≤ 62 may be verified directly. Let n ≥ 63. By the division
algorithm n = 8k + j for some k ∈ N and j ∈ {0, 1, . . . , 7}. Observe that
48k + 6j ≤ 48k + 8j < 54k + 9j ≤ 56k + 7j
and as a consequence
(8(6k + j), 9(6k + j)) ⊂ (6(8k + j), 7(8k + j)) = (6n, 7n).
By Theorem 2.2.10, p ∈ (8(6k + j), 9(6k + j)) and therefore p ∈ (6n, 7n) as
desired.
Corollary 2.2.14. For any positive integer n > 2 there is a prime number between
7n and 8n.
Proof. The cases for 3 ≤ n ≤ 63 may be verified directly. Let n ≥ 64. By the division
algorithm n = 8k + j for some k ∈ N and j ∈ {0, 1, . . . , 7}. Observe that
56k + 7j ≤ 56k + 8j < 63k + 9j ≤ 64k + 8j
and as a consequence
(8(7k + j), 9(7k + j)) ⊂ (7(8k + j), 8(8k + j)) = (7n, 8n).
By Theorem 2.2.10, p ∈ (8(7k + j), 9(7k + j)) and therefore p ∈ (7n, 8n) as
desired.
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2.3 Primes in the Interval [519n, 520n]
We will now move away from the elementary methods used in the previous two sections
and move towards an analytic number theory approach to establish an improved
result. Our proof conforms to S. Ramanujan’s [13] proof of Bertrand’s postulate. It
also conforms with J. Nagura’s [12] proof of primes in the interval n to 6n
5
.
The basis of our proof is to approximate the first Chebyshev function ϑ using the
second Chebyshev function ψ. That is, the functions:
ψ(x) =
∞∑
m=1
ϑ(x1/m) and ϑ(x) =
∑
p≤x
p prime
log p.
If we are able to show that ϑ(520n
519
)− ϑ(n) > 0, then by taking both sides to the
base e, we obtain: ∏
p≤ 520n
519
p prime
p >
∏
p≤n
p prime
p.
However, then the product of primes between n and 520n
519
is greater than 1, and so
there must be at least one prime number between n and 520n
519
.
In 1976, L. Schoenfeld [16] showed that for all x ≥ e19, the upper and lower
bounds of ψ(x) are given by the inequality 0.99903839x < ψ(x) < 1.00096161x. In
his paper he achieved these approximations by using analytic methods to show that
| ψ(x)− x |< 0.00096161x from which the double inequality follows. We will use this
approximation in the following theorem.
Theorem 2.3.1. For n ≥ 31409, there exists at least one prime number p such that
n < p < 520n
519
.
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Proof. In order to prove ϑ(520n
519
)− ϑ(n) > 0 for the values of n as small as possible,
let us use
ψ(x)− ψ(x1/2)− ψ(x1/3)− · · · − ψ(x1/503) = ψ(x)−
∑
p≤503
ψ(x1/p) ≥ ϑ(x) (2.1)
and
ϑ(x) ≥ ψ(x)− ψ(x1/2)− ψ(x1/3)− · · · − ψ(x1/509) = ψ(x)−
∑
p≤509
ψ(x1/p). (2.2)
Note that we chose 503 and 509 as the summation upper limit in the summations of
equations 2.1 and 2.2, respectively. These choices are the second largest prime and
the largest prime less than 519, respectively.
Thus we obtain
ϑ
(
520n
519
)
− ϑ(n) ≥ ψ
(
520n
519
)
−
∑
p≤509
ψ
((
520n
519
)1/p)
− ψ(n) +
∑
p≤503
ψ(n1/p).
By using the approximation for ψ(x),
0.99903839x < ψ(x) < 1.00096161x,
we obtain
ϑ
(
520n
519
)
− ϑ(n) > 0.99903839
(
520n
519
+
∑
p≤503
n1/p
)
− 1.00096161
(
n+
∑
p≤509
(
520n
519
)1/p)
which is positive for n ≥ e19.
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However, we may verify the cases for 31409 ≤ n ≤ e19 using a program such as
Mathematica and our theorem is thus proved.
From the previous theorem we may prove a corollary that ϑ( (k+1)n
k
)−ϑ(n) > 0 for
all k and n such that n ≥ 31409 and 519 ≥ k ≥ 1. We will also apply this corollary
to show that there is a prime number between 519n and 520n for all n ≥ 15. This
theorem also shows that there is always a prime between kn and (k+1)n for all n ≥ k
and 519 ≥ k ≥ 2 which is a significant improvement in the number of cases for k that
we were able to show in Sections 2.1 and 2.2.
Corollary 2.3.2. For k, n ∈ N with n ≥ 31409 and 519 ≥ k ≥ 1,
ϑ
(
(k + 1)n
k
)
− ϑ(n) > 0.
Proof. The inequality follows directly by noting that for all n ≥ 31409,
ϑ(2n) ≥ ϑ(3n/2) ≥ ϑ(4n/3) ≥ . . . ≥ ϑ(519n/518) ≥ ϑ(520n/519).
Hence
ϑ(2n)− ϑ(n) ≥ ϑ(3n/2)− ϑ(n) ≥ . . . ≥ ϑ(520n/519)− ϑ(n) > 0
where the last inequality follows by Theorem 2.3.1.
Theorem 2.3.3. For n ≥ 15 there is a prime number between 519n and 520n.
Proof. The cases for 15 ≤ n ≤ 31408 may be verified directly. Now let n ≥ 31409
and consider ϑ(520n
519
) − ϑ(n) > 0 as shown in Corollary 2.3.2. Taking both sides of
41
the inequality to the base e, we obtain
eϑ(
520n
519
)−ϑ(n) =
∏
n<p≤ 520n
519
p > 1.
Therefore there exists at least one prime number between n and 520n
519
. Allowing
n = 519m for some m ∈ N, we deduce that there exists at least one prime number
between 519m and 520m as desired.
Theorem 2.3.4. For k, n ∈ N with n ≥ k and 519 ≥ k ≥ 2, there is at least one
prime number between kn and (k + 1)n.
Proof. For any choice of k such that 2 ≤ k ≤ 519, the cases for k ≤ n ≤ 31408 may
be verified directly. By Theorem 2.3.1, for all n ≥ 31409, pi(520n
519
)− pi(n) ≥ 1. Now,
pi(2n) ≥ pi(3n/2) ≥ pi(4n/3) ≥ . . . ≥ pi(520n/519) ≥ pi(n) + 1.
Therefore,
pi(2n)− pi(n) ≥ pi(3n/2)− pi(n) ≥ . . . ≥ pi(520n/519)− pi(n) ≥ 1. (2.3)
Now by letting n = m, n = 2m, . . ., n = 519m for some m ∈ N in the respec-
tive inequalities above, we obtain pi(2m) − pi(m) ≥ 1, pi(3m) − pi(2m) ≥ 1, . . .,
pi(520m)− pi(519m) ≥ 1 as desired.
From equation (2.3) in the previous theorem we obtain a direct corollary.
Corollary 2.3.5. For k, n ∈ N with n ≥ k and 519 ≥ k ≥ 2, there is at least one
prime number between n and (k+1)n
k
.
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2.4 Primes between n2 and (n + 1)2+ε
If we allow k = n in our previous question of a prime number p satisfying
kn < p < (k + 1)n, then we obtain a sharper inequality than Legendre’s conjecture.
Legendre’s conjecture states that for every positive integer n there exists a prime
number between n2 and (n + 1)2. That is, there is always a prime number between
any two successive perfect squares. This question is one of the famous Landau
problems proposed by Edmund Landau in 1912 at the International Congress of
Mathematicians, see [9].
While this question remains open to date, some progress has been made for suffi-
ciently large n. Perhaps most notably, Chen Jingrun [4] has shown that there exists
a number p satisfying n2 < p < (n+ 1)2 such that p is either a prime number or a
semiprime; where a semiprime is a product of two prime numbers, not necessarily
distinct. Furthermore, there is always a prime number between n − nθ and n for
θ = 23/42 and θ = 0.525, see [9, p. 415], [10], and [2].
While we offer no proof of Legendre’s conjecture, we do show that for all pos-
itive integers n there exists a prime number p such that n2 < p < (n + 1)2+ε for
ε = 0.00011516865557559264 and ε = 0.000001.
Theorem 2.4.1. For n a positive integer, there exists a prime number between n2
and (n + 1)2+ε where ε = 0.00011516865557559264.
Proof. The cases for n = 1, 2, . . . , 4407 may be verified directly. By Theorem 5.2 of
[5] we have for all x ≥ 3594641:
| ϑ(x)− x |< 0.2x
log2 x
.
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Let n ≥ 4408 so that (n+ 1)2+ε > n2 > 3594641. Now
ϑ((n + 1)2+ε)− ϑ(n2) >
(
(n+ 1)2+ε − 0.2(n+ 1)
2+ε
log2 (n+ 1)2+ε
)
−
(
n2 +
0.2n2
log2 n2
)
.
Consider the following equivalent inequalities for n ≥ 4408:
(n+ 1)2+ε > n2 +
0.2(n+ 1)2+ε
log2 (n+ 1)2+ε
+
0.2n2
log2 n2
,
1 >
(
n
n+ 1
)2
1
(n+ 1)ε
+
0.2
(2 + ε)2 log2(n + 1)
+
(
n
n+ 1
)2
0.05
(n+ 1)ε log2 n
.
Now the right-hand side is decreasing in n and so it suffices to verify the case
when n = 4408. When n = 4408, we obtain
1 >
(
4408
4409
)2
1
4409ε
+
0.2
(2 + ε)2 log2 4409
+
(
4408
4409
)2
0.05
4409ε log2 4408
.
Therefore
(
(n + 1)2+ε − 0.2(n+ 1)
2+ε
log2 (n+ 1)2+ε
)
−
(
n2 +
0.2n2
log2 n2
)
> 0
and hence ϑ((n+ 1)2+ε)− ϑ(n2) > 0 as desired.
Although similar results may be shown for any ε > 0, we shall see that as ε→ 0
the number of base cases for n which must be verified directly increases. In the next
theorem we show that ε = 0.000001 is sufficient, however this increases the number
of base cases which must be verified by 26,010,188. As mentioned previously, this
increase in the number of base cases to verify is expected due to the techniques used
within the proofs of this chapter.
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Theorem 2.4.2. For n a positive integer, there exists a prime number between n2
and (n + 1)2.000001.
Proof. The cases for n = 1, 2, . . . , 26014595 may be verified directly. By Theorem 5.2
of [5] we have for all x ≥ 7713133853,
| ϑ(x)− x |< 0.01x
log2 x
.
Let n ≥ 26014596 so that (n+ 1)2.000001 > n2 > 7713133853. Now
ϑ((n + 1)2.000001)−ϑ(n2) >
(
(n+ 1)2.000001 − 0.2(n+ 1)
2.000001
log2 (n+ 1)2.000001
)
−
(
n2 +
0.2n2
log2 n2
)
.
Consider the following equivalent inequalities for n ≥ 26014596:
(n + 1)2.000001 > n2 +
0.01(n+ 1)2.000001
log2 (n+ 1)2.000001
+
0.01n2
log2 n2
,
1 >
(
n
n + 1
)2
1
(n+ 1)0.000001
+
0.01
2.0000012 log2(n+ 1)
+
(
n
n + 1
)2
0.0025
(n + 1)0.000001 log2 n
.
Now the right-hand side is decreasing in n and so it suffices to verify the case
when n = 26014596. When n = 26014596, we obtain
1 >
(
26014596
26014597
)2
1
260145970.000001
+
0.01
2.0000012 log2 26014597
+
(
26014596
26014597
)2
0.05
260145970.000001 log2 26014596
.
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Therefore
(n+ 1)2.000001 − 0.2(n+ 1)
2.000001
log2 (n + 1)2.000001
− n2 − 0.2n
2
log2 n2
> 0
and hence ϑ((n+ 1)2.000001)− ϑ(n2) > 0 as desired.
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Chapter 3
The Number of Prime Numbers
In this chapter we consider the question:
How many prime numbers are there between n and kn?
For instance, Bertrand’s postulate states that there is at least one prime number
between n and 2n for all n > 1. Moreover, by M. El Bachraoui [1], we know there
exists a prime number between 2n and 3n for all n > 1. Therefore, there are at least
two prime numbers between n and 3n for n > 1.
Furthermore, if we take into account A. Loo’s [11] result that there is a prime
number between 3n and 4n for n > 1, then there are three prime numbers between n
and 4n for all n > 1.
In the following sections we will extend these methods to improve upon the number
of primes between n and kn using our previous results.
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3.1 Between n and 5n
In the following theorem we extend the previous facts by showing that there are at
least four prime numbers between n and 5n. In order to accomplish this task we will
use Theorem 2.1.4; that is, there is a prime number between n and (5n + 15)/4 for
all n > 2.
Theorem 3.1.1. For any positive integer n > 2, there are at least four prime numbers
between n and 5n.
Proof. The cases when n = 3, 4, . . . , 14 may be verified directly. Now let n ≥ 15
and by Theorem 2.1.4 we know there exists prime numbers p1, p2, and p3 such that
n < p1 <
5n+15
4
, 2n < p2 <
10n+15
4
, 3n < p3 <
15n+15
4
, and by Theorem 2.1.3 there
exist a prime number p4 such that 4n < p4 < 5n. Hence
n < p1 <
5n+ 15
4
< 2n < p2 <
10n+ 15
4
< 3n < p3 <
15n+ 15
4
≤ 4n < p4 < 5n.
In the next theorem we improve on the number of prime numbers between n and
5n to show that there are at least seven prime numbers between n and 5n for n > 5.
Theorem 3.1.2. For all n > 5 there are at least seven prime numbers between n and
5n.
Proof. The cases when n = 6, 7, . . . , 244 may be verified directly. Now let
f(n) = 5n+15
4
for n ≥ 245 and let fm(n) = f(fm−1(n)). By Theorem 2.1.4
there exists a prime number between n and f(n). Furthermore, there exists a prime
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number between fm−1(n) and fm(n) for all m ∈ N \ {1}. In general,
fm(n) =
1
4m
(
5mn + 3
m−1∑
k=0
5m−k 4k
)
.
Consider
fm(n) =
1
4m
(
5mn+ 3
m−1∑
k=0
5m−k 4k
)
≤ 5n.
Solving for n, we obtain
n ≥ 3
5 · 4m − 5m
m−1∑
k=0
5m−k 4k.
However, 5 · 4m − 5m is positive only for m ≤ 7. So let m = 7, then for
n ≥ 245 > 3
5 · 47 − 57
6∑
k=0
57−k 4k
there are at least seven prime numbers between n and 5n.
3.2 Between n and 9n
Similar to the previous section, we may show that there are at least 8 prime numbers
between n and 9n for all positive integers n > 2.
Theorem 3.2.1. For any positive integer n > 2 there are at least eight prime numbers
between n and 9n.
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Proof. The cases for n = 3, 4, . . . , 63 may be verified directly. Now let n ≥ 64 and
observe that by Theorem 2.2.11 there exists prime numbers p1, p2, . . . , p8 such that
n < p1 <
9n+ 63
8
< 2n < p2 <
18n+ 63
8
< 3n < p3 <
27n+ 63
8
< 4n
< p4 <
36n+ 63
8
< 5n < p5 <
45n+ 63
8
< 6n < p6 <
54n+ 63
8
< 7n
< p7 <
63n+ 63
8
< 8n < p8 < 9n
where 8n < p8 < 9n by Theorem 2.2.10. Therefore there are at least eight prime
numbers between n and 9n for any positive integer n > 2.
In the next theorem we improve on the number of prime numbers between n and
9n to show that there are at least eighteen prime numbers between n and 9n for
n > 8.
Theorem 3.2.2. For all n > 8 there are at least eighteen prime numbers between n
and 9n.
Proof. The cases when n = 9, 10, . . . , 691 may be verified directly. Now let
f(n) = 9n+63
8
for n ≥ 692 and let fm(n) = f(fm−1(n)). By Theorem 2.2.11 there
exists a prime number between n and f(n). Furthermore, there exists a prime
number between fm−1(n) and fm(n) for all m ∈ N \ {1}. In general,
fm(n) =
1
8m
(
9mn + 7
m−1∑
k=0
9m−k 8k
)
.
Consider
fm(n) =
1
8m
(
9mn+ 7
m−1∑
k=0
9m−k 8k
)
≤ 9n.
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Solving for n, we obtain
n ≥ 7
9 · 8m − 9m
m−1∑
k=0
9m−k 8k.
However, 9 · 8m − 9m is positive only for m ≤ 18. So let m = 18, then for
n ≥ 692 > 1
9 · 818 − 918
17∑
k=0
918−k 8k
there are at least eighteen prime numbers between n and 9n.
3.3 Between n and 520n
Similarly to the previous two sections, using Theorem 2.3.4, we may establish that
there are at least 519 prime numbers between n and 520n for all positive integers
n > 7.
Theorem 3.3.1. For n > 7 there are at least 519 prime numbers between n and
520n.
Proof. The cases for n = 8, 9, . . . , 31408 may be verified directly. Now let n ≥ 31409.
By Theorem 2.3.4 we know there exists primes p1, p2, . . ., and p519 such that
p1 ∈ (n, 2n), p2 ∈ (2n, 3n), . . ., and p519 ∈ (519n, 520n).
Thus p1, p2, . . . , p519 ∈ (n, 520n) as desired.
In the next theorem we improve on the number of prime numbers between n and
520n to show that there are at least 3248 prime numbers between n and 520n for
n > 58.
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Theorem 3.3.2. For n > 58 there are at least 3248 prime numbers between n and
520n.
Proof. The cases when n = 59, 60, . . . , 31408 may be verified directly. Now let
f(n) = 520n
519
for n ≥ 31409 and let fm(n) = f(fm−1(n)). By Theorem 2.3.1 there
exists a prime number between n and f(n). Furthermore, there exists a prime num-
ber between fm−1(n) and fm(n) for all m ∈ N \ {1}. Consider:
f 3248(n) =
29744 53248 133248 n
33248 1733248
< 519.14n < 520n.
Which holds for all n > 0 and our proof is complete.
3.4 Between n and kn
We will now generalize our previous results by showing that for any n ≥ k ≥ 2 there
are at least k− 1 prime numbers in the interval (n, kn). In order to obtain our result
we will use the following inequality as shown by P. Dusart in Theorem 5.2 of [5]:
| ϑ(x)− x |< 3.965x
log2 x
,
where log2 x = (log x)2.
Theorem 3.4.1. For all n ≥ k ≥ 2, there are at least k − 1 prime numbers between
n and kn.
Proof. The cases for n ≥ k and 7 ≥ k ≥ 2 follow directly by [1], [11], Theorem 2.1.3,
Corollary 2.2.12, Corollary 2.2.13, Corollary 2.2.14, and Theorem 2.2.10.
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Let n ≥ k ≥ 8. By Theorem 5.2 of [5, p. 4], for x ≥ 2, we obtain
| ϑ(x)− x |< 3.965x
log2 x
.
Now
ϑ(kn)− ϑ(n) >
(
kn− 3.965kn
log2 kn
)
−
(
n +
3.965n
log2 n
)
. (3.1)
Moreover, observe that the following inequalities are equivalent for all n ≥ k ≥ 8:
kn− 3.965kn
log2 kn
− n− 3.965n
log2 n
> (k − 1) log kn,
k − 1 > (k − 1) log kn
n
+
3.965k
log2 kn
+
3.965
log2 n
.
Now the right-hand side is decreasing in n, so it suffices to verify the case when
n = k. When n = k, we obtain the following equivalent inequalities:
k − 1 > (k − 1) log k
2
k
+
3.965k
log2 k2
+
3.965
log2 k
,
1 >
2 log k
k
+
3.965k
4(k − 1) log2 k +
3.965
(k − 1) log2 k .
Now the right-hand side is decreasing in k, so it suffices to verify the case when
k = 8. When k = 8, we obtain
1 >
2 log 8
8
+
3.965 · 8
28 log2 8
+
3.965
7 log2 8
.
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Thus
ϑ(kn)− ϑ(n) >
(
kn− 3.965kn
log2 kn
)
−
(
n+
3.965n
log2 n
)
> (k − 1) log kn
for n ≥ k ≥ 8.
That is,
ϑ(kn)− ϑ(n) =
∑
n<p≤kn
log(p) > (k − 1) log kn.
However, log kn ≥ log p for any p satisfying n < p ≤ kn and hence for the above
inequality to be true there must be at least k − 1 prime numbers between n and
kn.
Equation (3.1) in the previous theorem provides us with a better lower approxi-
mation for ϑ(kn)− ϑ(n) as in the following corollary.
Corollary 3.4.2. For all n ≥ k ≥ 8,
ϑ(kn)− ϑ(n) > n
(
k − 1− 3.965
(
k
log2 kn
+
1
log2 n
))
.
3.5 Between Successive Powers
If we allow k = n in Theorem 3.4.1, then there are at least n − 1 prime numbers
between n and n2 for all n ≥ 64. However, we may generalize our method of proof to
show that there are at least nd−(log d)/2 many prime numbers between nd and nd+1 as
in the next theorem.
Theorem 3.5.1. For n ≥ 8 and d ≥ 1, there are at least nd−(log d)/2 prime numbers
between nd and nd+1.
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Proof. By Theorem 5.2 of [5, p. 4], for x ≥ 2, we obtain
| ϑ(x)− x |< 3.965x
log2 x
.
Now
ϑ(nd+1)− ϑ(nd) >
(
nd+1 − 3.965n
d+1
log2 nd+1
)
−
(
nd +
3.965nd
log2 nd
)
.
Moreover, observe that the following inequalities are equivalent for all n ≥ 8 and
d ≥ 1:
nd+1 > nd−(log d)/2 lognd+1 + nd +
3.965nd+1
log2 nd+1
+
3.965nd
log2 nd
,
1 >
log nd+1
n1+(log d)/2
+
1
n
+
3.965
log2 nd+1
+
3.965
n log2 nd
.
Now the right-hand side is decreasing in both n and d, so it suffices to verify the
case when n = 8 and d = 1. When n = 8 and d = 1, we obtain
1 >
3 log 2
4
+
1
8
+
3.965
36 log2 2
+
3.965
72 log2 2
.
Thus
ϑ(nd+1)− ϑ(nd) >
(
nd+1 − 3.965n
d+1
log2 nd+1
)
−
(
nd +
3.965nd
log2 nd
)
> nd−(log d)/2 log nd+1
for n ≥ 8 and d ≥ 1.
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That is,
ϑ(nd+1)− ϑ(nd) =
∑
nd<p≤nd+1
log p > nd−(log d)/2 lognd+1.
However, log nd+1 ≥ log p for any p satisfying nd < p ≤ nd+1 and hence for the
above inequality to be true there must be at least nd−(log d)/2 prime numbers between
nd and nd+1.
56
Chapter 4
The Prime Number Theorem
The prime number theorem describes the asymptotic distribution of the prime num-
bers among the positive integers. That is to say, the prime number theorem asserts
that the prime numbers become rarer as they become larger. This is formalized by
lim
x→∞
pi(x)
x/ log x
= 1
which is known as the asymptotic law of distribution of prime numbers. Equivalently,
pi(x) ∼ x
log x
. (4.1)
The first truly elementary proofs of the prime number theorem appeared within
[7, 17] and was also cause to the Erdo˝s–Selberg priority dispute, see [18].
Now by equation (4.1) for k a positive integer we would expect the number of
prime numbers in the interval (kn, (k + 1)n) to increase as n runs through the pos-
itive integers. Simply applying the prime number theorem estimates that we could
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expect, very roughly, (k+1)n
log(k+1)n
− kn
log kn
∼ n
log kn
many prime numbers in the interval
(kn, (k + 1)n).
We will establish explicit lower bounds for the number of prime numbers in each
of our intervals in the previous two chapters. In each case we first show a lower
approximation for the number of prime numbers in a particular interval and then
show that our results coincide with the prime number theorem.
To establish an explicit bound for the number of prime numbers in the interval
(4n, 5n) we may bound each prime in the interval from above by 5n as follows.
Theorem 4.0.1. For n > 2, the number of prime numbers in the interval (4n, 5n) is
at least
log5n
[
0.054886
2
n
2 n
3
2
(
3125
256
)n
6
(5n)
− 2.51012
√
5n
log(5n)
]
.
Proof. In Theorem 2.1.3 we approximated the product of prime numbers between 4n
and 5n from below by
0.054886
2
n
2 n
3
2
(
3125
256
)n
6
(5n)−
2.51012
√
5n
log(5n) .
Bounding each of the prime numbers between 4n and 5n from above by 5n, we obtain:
log5n
[
0.054886
2
n
2 n
3
2
(
3125
256
)n
6
(5n)
− 2.51012
√
5n
log(5n)
]
=
log 0.054886− n
2
log 2 + n
6
log 3125
256
− 2.51012√5n+ 3
2
log 5
log n+ log 5
− 3
2
>
n
(
1
6
log 3125
256
− 1
2
log 2− 2.51012
√
5√
n
)
2 logn
+
3
2
log 5 + log 0.054886
log n+ log 5
− 3
2
>
n
log n
(
0.035214− 2.8063995√
n
)
− 168033
100000
.
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Now observe that lim
n→∞
2.8063995√
n
= 0. Moreover lim
n→∞
n
log n
= +∞.
Comparing the previous result with the weak version of the prime number theorem,
(k+1)n
log(kn+n)
− kn
log kn
with k = 4, we obtain the following table.
n Result Weak PNT pi(5n)− pi(4n)
104 11.7 846.4 930
105 399.9 7093.3 7678
106 4200.5 61023.5 65367
107 38725.5 535330.3 567480
108 348808.9 4767502.3 5019541
Table 4.1: Comparison of
Theorem 4.0.1 with PNT.
By Theorem 4.0.1 we have the following theorem.
Theorem 4.0.2. As n → ∞, the number of prime numbers in the interval [4n, 5n]
goes to infinity. That is, for every positive integer m, there exists a positive integer L
such that for all n ≥ L, there are at least m prime numbers in the interval [4n, 5n].
To establish an explicit lower bound for the number of prime numbers in the
interval (8n, 9n) we may bound each prime in the interval from above by 9n as in the
next theorem.
Theorem 4.0.3. For n > 4, the number of prime numbers in the interval (8n, 9n) is
at least
log9n
[
32549.3e−1.001102(
9n
19 )n−13
(
99
88
) 17n
105
(9n)−
2.51012
√
9n
log(9n)
]
.
Proof. In Theorem 2.2.10 we approximated the product of prime numbers between
8n and 9n from below by
32549.3e−1.001102(
9n
19 )n−13
(
99
88
) 17n
105
(9n)−
2.51012
√
9n
log(9n) .
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Bounding each of the prime numbers between 8n and 9n from above by 9n, we obtain:
log9n
[
32549.3e−1.001102(
9n
19 )n−13
(
99
88
) 17n
105
(9n)−
2.51012
√
9n
log(9n)
]
>
n
2 logn
(
17
105
log
(
99
88
)
− 1.001102
(
9
19
)
+
log 32549.3
n
− 13 logn
n
− 7.53036√
n
)
>
n
logn
(
0.0170459− 13 logn
n
− 3.76518√
n
)
.
Now observe that lim
n→∞
(
13 logn
n
+
3.76518√
n
)
= 0. Moreover lim
n→∞
n
log n
= +∞.
Comparing the previous result with the weak version of the prime number theorem,
(k+1)n
log(kn+n)
− kn
log kn
with k = 8, we obtain the following table.
n Result Weak PNT pi(9n)− pi(8n)
104 -55.8 803.4 876
105 71.9 6788.2 7323
106 1732.4 58748.2 62712
107 17669.9 517719.7 547572
108 163011.7 4627221.6 4863036
Table 4.2: Comparison of
Theorem 4.0.3 with PNT.
By Theorem 4.0.3 we have the following theorem.
Theorem 4.0.4. As n → ∞, the number of prime numbers in the interval [8n, 9n]
goes to infinity. That is, for every positive integer m, there exists a positive integer L
such that for all n ≥ L, there are at least m prime numbers in the interval [8n, 9n].
Similar results may be shown about the number of prime numbers between n and
kn. That is, the number of prime numbers between n and kn tends to infinity as n
tends to infinity.
60
Theorem 4.0.5. For all n ≥ k ≥ 8, the product of prime numbers between n and kn
is at least
exp
[
n
(
k − 1− 3.965
(
k
log2 kn
+
1
log2 n
))]
.
Proof. By Corollary 3.4.2, we obtain
ϑ(kn)− ϑ(n) > n
(
k − 1− 3.965
(
k
log2 kn
+
1
log2 n
))
.
Taking both sides of the inequality to the base e, we obtain
eϑ(kn)−ϑ(n) =
∏
n<p≤kn
p
=
∏
n<p<kn
p
> exp
[
n
(
k − 1− 3.965
(
k
log2 kn
+
1
log2 n
))]
as desired.
Theorem 4.0.6. For all n ≥ k ≥ 8, the number of prime numbers in the interval
(n, kn) is at least
n
log kn
(
k − 1− 3.965
(
k
log2 kn
+
1
log2 n
))
.
Proof. Bounding the product of prime numbers between n and kn from above by
log kn as noted in Theorem 4.0.5, we obtain
logkn
[
exp
[
n
(
k − 1− 3.965
(
k
log2 kn
+
1
log2 n
))]]
=
n
log kn
(
k − 1− 3.965
(
k
log2 kn
+
1
log2 n
))
.
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Chapter 5
Summary and Conclusions
In Chapter 2 we showed there exists a prime number in each of the aforementioned
intervals. We also provided an argument as to why the methods of Section 2.1 may
not be able to prove any higher cases.
We may supply a similar argument to the methods of Section 2.2. Also, note that
Bk(n,m) is not much larger than
√(
(k+1)n/m
kn/m
)
and applying Stirling’s approximation
shows this fact. Perhaps it is possible to instead bound each product of prime numbers
composing T2 by
√(
(k+1)n/m
kn/m
)
and extend the method of proof for a few more cases.
Ultimately it appears that the elementary methods become too cumbersome to be
effectively utilized. Certainly this is demonstrated within the results of this thesis.
Of course all of the results concerning prime numbers in intervals within this
research are guaranteed eventualities due to the prime number theorem. In fact, for
any ε > 0 there is a prime number between x and (1+ ε)x for x sufficiently large, see
[7]. The true difficulty lies in determining what x is large enough for any given ε.
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